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Catalyst design and evaluation is a multifactorial multiobjective optimization problem and the absence of well-defined
mechanistic relationships between wide ranging input-output variables has stimulated interest in the application of
artificial neural network for the analysis of the large body of empirical data available. However, single ANN models
generally have limited predictive capability and insufficient to capture the broad range of features inherent in the
voluminous but dispersed data sources. In this study, we have employed a Fibonacci approach to select optimal number of
neurons for the ANN architecture followed by a new weighted optimal combination of statistically-derived candidate ANN
models in a multierror sense. Data from 200 cases for catalytic methane steam reforming have been used to demonstrate the
veracity and robustness of the integrated ANN modeling technique. VVC 2011 American Institute of Chemical Engineers
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Introduction

Artificial neural networks (ANNs) have been used in
many chemical engineering systems to provide structure and
clarity to large, multisource and multifactorial empirical data
pools in order to secure usable quantitative models for
descriptive, predictive and optimization purposes.1 This is
especially relevant for situations where detailed mechanistic
knowledge sufficient to develop reliable mathematical mod-
els between input-output vectors is poor, ambiguous or even
unavailable.2 In particular, ANNs are better equipped to cap-
ture and manipulate nonlinear features in an input-output
data set than empirical correlations.3 As a result, ANN mod-
eling and analysis has emerged as a versatile tool for data
treatment and utilization in the nonlinear processes typically
encountered in rational catalyst design and optimization as
well as reactor engineering. For instance, Lemoine et al.4

employed ANN analysis in the development of new, general-
ized and highly reliable correlations for predicting hydrody-
namic and mass-transport parameters in multiphase reactors
using data from widely dispersed sources. More recently,
Chesterfield and Adesina5 also obtained the functional rela-
tionship between titania photocatalyst preparation variables,
its physiochemical properties and photoactivity using a 16-
neuron single hidden layer feed forward ANN based on over
700 data cases from different laboratories over a 20-year pe-
riod. Availability of the quantitative relationship between
photocatalyst preparation variables such as calcination tem-

perature, dopant ionic radius, oxidation number, etc., and the
photoactivity for organic pollutant destruction has led to the
design of new visible-light activated codoped titania for pho-
tocatalysis.6

In many ANN modeling studies, the optimal network
architecture was often selected based on the candidate with

the smallest value of one of a class of error indices, such as

the residual sum of squares errors (SSE), the mean square
error (MSE), the root-mean square error (RMSE), the mean

absolute error (MAE), and the mean absolute percentage

error (MAPE). However, since different error indices mea-
sure different extents and types of mismatch between the

ANN model and the data, it is rare that a single ANN will

have the smallest value for all five types of error indices
from among a set of ANNs originally culled for considera-

tion. In other situations, the selection of the optimal ANN,

was based on a procedure in which the ANN with the best
possible rank across all error indices is taken as the most

superior network.5 Further improvement in the prediction of

the best estimate of the target (output) variable may be
obtained by using a linear combination of ANNs satisfying

an optimization criterion for any of the error indices. This

method has been shown to give better estimates of the target
value than of a single ANN. Arithmetic averaging, however,

assumes that all error indices are equally important under

all circumstances. Given that ANN is rooted in biomimicry
(the science of replicating details which nature has per-

fected), it seems logical to optimize the number of neurons

in the ANNs considered in this work using the Fibonacci
approach—a number sequence often descriptive of many

naturally-occurring optimal networks.7–9
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In this study, we introduce a weighted combination of
ANNs with the smallest value for each of the various error
indices in order to obtain the optimal estimate of the output
vector. The weights assigned to contributing error indices
are defined to take advantage of the information contained in
ANNs with the upper and lower bounds of the particular
error index in an orthogonal sense. In order to demonstrate
the utility of the weighted optimal combination of ANNs, it
has been applied to the evaluation of available data on the
catalytic steam reforming of methane. The reaction is the
most important route for the production of hydrogen or syn-
gas10 employed in the manufacturing of methanol, ammonia
and the Fischer-Tropsch synthesis of hydrocarbons. Industrial
reforming employs Ni-based catalyst. Exact formulation;
however, vary due to the need for carbon deposition control
and minimization. Catalyst design variables such as Ni load-
ing, support type, for example SBA-15, SiO2, a-Al2O3 and
c-Al2O3; promoters - B, Mo, Zr, Ce catalyst reduction tem-
perature using H2, as well as reactor operating factors such
as steam-to-carbon (S:C) ratio Wcat/FCH4

, reforming tempera-
ture and pressure to determine the overall product yield and
conversion. Over 8,000 studies on various aspects of the cat-
alytic steam reforming of methane within the past 10 years
show that improvement in this key industrial processing
technology is a multi-input-multi-output problem, which may
be best handled using artificial neural network analysis of
existing information library.11–16 A multilayer feedforward
network was used in this investigation in order to capture
the diversity of experimental conditions and variability

inherent in both data cases and the nature of the reaction
itself. The ANN architecture is a layered structure; each
layer has several neurons which receive inputs from neurons
in the preceding layer, signal flows only in forward direction
by the virtue of neurons connected between the layers. How-
ever, neurons are not connected within a layer. Hidden
layers are present between input and output layer and the
number can be increased to allow a network to extract
higher-order statistics.17

Theoretical Basis and Numerical Procedure

Principal components and factor analysis

In multivariable systems data analysis, it is essential
to investigate possible correlation between the explanatory
(predictor) variables in the absence of response (output) vari-
ables as a first step in the modeling exercise. Indeed, pattern
recognition under conditions with substantially high-dimen-
sional input space may result in a model with suspect
adequacy. Therefore, reduction of input dimensional space
or examination of data for the presence of explanatory vari-
able cluster(s) becomes important.18,19 The N � pv matrix of
predictor variables, where ‘‘N’’ represents the number of
observations, and ‘‘pv’’ represents the number of predictor
variables (sample observations representing the data cases cf.
Table A1 of the Appendix) was standardized column wise,
and the resulting matrix was used to find the covariance
matrix, which was then used to derive the principal

Table 1a. Eigenvalues of the Principal Components

Principal
Component (PC)

Eigenvalue
(EV)

%
Variance

Cumulative %
Variance

1 3.93049 28.07493 28.07493
2 3.040176 21.71554 49.790472
3 1.804639 12.89028 62.680752
4 1.397875 9.984821 72.665573
5 1.014833 7.24881 79.914383
6 0.862279 6.159139 86.073522
7 0.764299 5.459276 91.532798
8 0.534215 3.815819 95.348617
9 0.315637 2.254547 97.603164
10 0.204525 1.460892 99.064056
11 0.107554 0.768245 99.832301
12 0.016227 0.115904 99.948205
13 0.007251 0.051795 99.99999
14 1.53E-30 1.1E-29 100

Table 1b. Unrotated Factors

Variables

Principal Component (PC)

CommunalityPC1 PC2 PC3 PC4 PC5 PC6 PC7 PC8

Ni % 0.292 �0.378 0.298 0.045 0.014 0.004 �0.013 0.240 0.377
SBA�15 % 0.173 0.507 0.132 0.068 0.015 0.028 0.235 �0.153 0.388
SiO2 % �0.049 �0.014 �0.066 0.391 0.819 �0.269 �0.097 �0.004 0.913
Gamma Alumina % 0.311 �0.307 �0.359 �0.042 �0.008 0.137 �0.024 0.139 0.360
Alpha Alumina % �0.468 �0.001 0.008 �0.289 �0.003 0.026 �0.061 �0.098 0.316
B % 0.123 �0.055 �0.614 �0.077 0.003 0.266 0.016 �0.388 0.623
Mo % 0.206 �0.273 0.300 �0.027 �0.025 �0.208 �0.245 �0.808 0.965
Zr % �0.062 0.029 �0.100 0.579 �0.571 �0.356 �0.158 0.027 0.828
Ce % 0.088 0.283 0.095 0.068 0.028 0.437 �0.834 0.098 0.999
Temperature (K) 0.368 0.193 �0.139 �0.345 �0.001 �0.134 0.001 0.020 0.329
Pressure (kPa) �0.309 0.057 �0.067 �0.473 �0.004 �0.471 �0.292 0.073 0.639
S/C �0.288 �0.169 0.377 �0.002 �0.009 0.460 0.188 �0.100 0.511
Time�on�stream (min) 0.142 0.525 0.130 0.014 0.013 �0.013 0.170 �0.142 0.363
Catalyst Reduction Temperature (K) 0.404 �0.049 0.302 �0.258 �0.011 �0.154 �0.025 0.202 0.389

Figure 1. Percentage variance explained by principal
components 1–8 for Data Set A and 1–10 for
Data Set B.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

AIChE Journal August 2012 Vol. 58, No. 8 Published on behalf of the AIChE DOI 10.1002/aic 2413



components (PCs). Each column of the eigenvector derived
from the covariance matrix is known as a principal compo-
nent, where the number of principal components is equal to
the number of predictor variables which are uncorrelated,
orthogonal and the coefficients (factor loadings) of a compo-
nent are combined in a linear sense. The corresponding
eigenvalues represent the variance associated with each of
the components. This approach also ensures that errors
within data sets used are critically screened and not carried
over into the development and optimization of the
ANNs.18,20

The minimum number of principal components required
to summarize the variance contributed by each variable may
be evaluated using one of three criteria, namely; Kaiser mea-
sure,21 scree plot and cumulative percentage of variance.
However, in this article, we have employed the cumulative
percentage of variance criterion, because it is often more
appropriate for engineering systems.22 Additionally, the cu-
mulative percentage variance of the selected components
should be greater than or equal to 95%.22 In view of the di-
versity in the range of factors used by different authors, the
method proposed in this investigation has been applied to
two major clusters of data containing varying mix of catalyst
design and reactor engineering operating variables. Data Set
A where relates to studies in which investigators explored
mostly catalyst preparation and activation factors, while Data
Set B, reflects the importance of reactor engineering varia-
bles such as space-time Wcat/FCH4

, steam:carbon ratio, pres-
sure and temperature among others.

Data Set A

It is evident that the principal components 1–8, in Table 1a
are significant since the cumulative percentage variance is
95.35%. Thus, Ni loading, SBA-15, SiO2, a-Al2O3, c-Al2O3,
B, Mo, Zr, Ce, reforming temperature, pressure, S:C ratio,
time-on-stream and catalyst reduction temperature are the pre-
dictors considered. Therefore, the first eight principal compo-
nents (cf. in Table 1b) were used to derive the percentage var-
iance contributed by each variable to the explanatory data ma-
trix. The common variance contributed by a variable is given
by its communality which is the sum of squares of factor
loadings for that variable across components. The variance
contributed by each of the variables is shown in Figure 1. It
is evident from this plot that, a-alumina at 4%, and cerium at
12.5% contributed the minimum and maximum variance,
respectively. To identify the presence of significant possible
correlations among variables the principal components were
rotated. The flow chart in Figure 2 shows the procedure
involved in deriving the principal components and factor anal-
ysis through components rotation. To enhance interpretation,
the selected principal components (i.e., PCs 1–8) were sub-
jected to orthogonal rotation using the Varimax technique
which retains the uncorrelated principal components. The crit-
ical absolute value of correlation coefficient between the fac-
tor loadings and the rotated factor (i.e., rotated principal com-
ponent) is 0.364 at 99% confidence level. Therefore, to retain
a variable for further investigation, the corresponding factor
loading should be � 0.364 on one factor only. The high-
lighted factor loadings for the rotated factors shown in Table
1c indicate that all the variables are important in explaining
the total variance in the explanatory data set. In particular,
there is no evidence of variable clusters because a factor can
only be considered for variable cluster analysis either if, there
are three variables with factor loadings � 0.8 or four factor
loadings � 0.6.20

Data Set B

The explanatory variables from these data set consisted of
reforming temperature, pressure Wcat/FCH4

, S:C ratio, time-
on-stream Ni loading, SBA-15, SiO2, a-Al2O3, c-Al2O3, B,
Zr, Ce and catalyst reduction temperature. It required PCs 1
to 10 with a cumulative variance of 99.8% to derive the per-
centage variance contributed by each variable to the explana-
tory data matrix (cf. Figure 1). A minimum variance of
0.2% was contributed by boron to the data matrix, while a

Figure 2. Principal components and factor analysis.

Table 1c. Rotated Factors

Variables

Principal Component (PC)

PC1 PC2 PC3 PC4 PC5 PC6 PC7 PC8

Ni % 0.274 �0.261 0.474 �0.057 �0.014 0.029 0.015 �0.067
SBA�15 % 0.120 0.608 �0.026 �0.027 �0.016 �0.049 0.021 0.007
SiO2 % 0.048 �0.013 �0.017 �0.065 0.952 �0.007 0.002 �0.015
Gamma Alumina % 0.326 �0.386 �0.112 �0.106 �0.079 �0.263 0.006 0.077
Alpha Alumina % �0.478 �0.067 �0.147 �0.127 �0.085 0.195 0.007 0.004
B % 0.198 �0.130 �0.684 �0.165 �0.106 �0.205 0.005 �0.132
Mo % �0.019 0.010 0.006 0.021 0.014 0.016 �0.001 �0.982

Zr % 0.072 �0.025 �0.025 0.903 �0.071 �0.007 0.003 �0.023
Ce % 0.005 �0.003 �0.001 �0.002 �0.002 0.001 �0.999 �0.001
Temperature (K) �0.003 0.136 0.041 �0.180 �0.130 �0.509 0.006 �0.014
Pressure (kPa) �0.722 �0.137 0.080 0.024 0.020 �0.302 0.001 �0.015
S/C 0.033 0.009 0.048 �0.252 �0.180 0.641 0.005 �0.037
Time�on�stream (min) 0.035 0.594 �0.014 �0.024 �0.016 �0.085 �0.016 0.002
Catalyst Reduction Temperature (K) 0.068 0.020 0.511 �0.154 �0.119 �0.280 �0.006 �0.079
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maximum contribution was observed from all the reactor
operation variables and catalyst reduction temperature at
10% each. The subsequent rotation of 10 PCs revealed that
all the variables can be retained for further analysis and
there is no evidence of variable clustering. As a prelude to
ANN modeling, multilinear regression analysis is necessary
in order to determine possible multicolinearity in the regres-
sor variables during output prediction in order to have a
more optimal set of input variables for the ANN model.

Multiple linear regression approach

The stepwise backward variable selection method involves
application of multilinear model using all 14 regressor variables
with the elimination of one variable at a time, followed by the
reduced model evaluation on the basis of various discriminating
criteria. The Mallows criterion (Cpr)

23 was employed since it is
generally considered more efficient than others such as F-test.20

For a reduced model Cpr is calculated using

Cpr ¼ SSEpr

r̂2
� N þ 2pr (1)

where, SSEpr is the sum-of-squared errors of reduced model
with p variables, r̂2 is the variance present in the full model, N
is the number of observations, pr is the number of variables in
the reduced model, and Cpr is the Mallows criterion.

A reduced model is considered to be a valid model if the
associated Cpr � pr.

Data Set A. The multilinear regression analysis was
carried out with the regressor variables, Ni loading (v1),
SBA-15 (v2), SiO2 (v3), a-Al2O3 (v4), c-Al2O3 (v5), B
(v6), Mo (v7), Zr (v8), Ce (v9), reforming temperature
(v10), pressure (v11), S:C ratio (v12), time-on-stream
(v13), and catalyst reduction temperature (v14) with meth-
ane conversion as the response variable. Cpr � 13 for the
reduced models M2 to M10 (cf. in Table 2) suggests that
variables v1 to v9 are equally important, and there is also
evidence of multicollinearity among some of these varia-
bles,22 in particular between the variables v1 to v9 and
v10 to v14.

Data Set B. The regressor variables from these data set;
Ni loading (v1), SBA-15 (v2), SiO2 (v3), a-Al2O3 (v4), c-
Al2O3 (v5), B (v6), Zr (v7), Ce (v8), reforming tempera-
ture (v9), pressure (v10), (v11), S:C ratio (v12), time-on-
stream (v13), and catalyst reduction temperature (v14)
were regressed against methane conversion. From Table 2,

it is evident that the exclusion of variables v1 to v8 and
v10 to build reduced models M2 to M9 and M11, respec-
tively, resulted in same value of Cpr � 10. Consequently,
there is proof of multicollinearity among variables, namely
variables v1 to v8 and v10 with variables v11 to v14 and
v9. In the presence of high degree of multicollinearity in
the data, multilinear regression becomes redundant for
building parsimonious models24 that can be used for pre-
dictive and descriptive purposes and, hence, the adoption
of artificial neural network analysis for a more rigorous
model development.

Artificial neural network approach

The input variables comprised of Ni, support types- SBA-
15, SiO2, a-Al2O3, c-Al2O3, promoters- B, Mo, ZrO2, CeO2,
catalyst reduction temperature, reforming temperature, pres-
sure, steam:carbon (S:C) ratio, and time-on-stream. All these
variables are in different units and thus, vary by orders of
magnitude. The entire input data was therefore recalibrated
so that all the values fall into the interval [0, 1]. The data
scaling can shorten the learning time of the network.25 If x
represents original value for a variable then

Table 2. Comparing Models by Stepwise Backward Variable Selection for Data Set A and B

Model Variables included in the model

Mallow’s Cp

Data Set A Data Set B

M1 v1, v2, v3, v4, v5, v6, v7, v8, v9, v10, v11, v12, v13, v14
M2 v2, v3, v4, v5, v6, v7, v8, v9, v10, v11, v12, v13, v14 13.0 10.1
M3 v1, v3, v4, v5, v6, v7, v8, v9, v10, v11, v12, v13, v14 13.0 10.1
M4 v1, v2, v4, v5, v6, v7, v8, v9, v10, v11, v12, v13, v14 13.0 10.1
M5 v1, v2, v3, v5, v6, v7, v8, v9, v10, v11, v12, v13, v14 13.0 10.1
M6 v1, v2, v3, v4, v6, v7, v8, v9, v10, v11, v12, v13, v14 13.0 10.1
M7 v1, v2, v3, v4, v5, v7, v8, v9, v10, v11, v12, v13, v14 13.0 10.1
M8 v1, v2, v3, v4, v5, v6, v8, v9, v10, v11, v12, v13, v14 13.0 10.1
M9 v1, v2, v3, v4, v5, v6, v7, v9, v10, v11, v12, v13, v14 13.0 10.1
M10 v1, v2, v3, v4, v5, v6, v7, v8, v10, v11, v12, v13, v14 13.0 41.5
M11 v1, v2, v3, v4, v5, v6, v7, v8, v9, v11, v12, v13, v14 131.8 10.1
M12 v1, v2, v3, v4, v5, v6, v7, v8, v9, v10, v12, v13, v14 61.5 9.4
M13 v1, v2, v3, v4, v5, v6, v7, v8, v9, v10, v11, v13, v14 91.6 82.0
M14 v1, v2, v3, v4, v5, v6, v7, v8, v9, v10, v11, v12, v14 12.3 12.4
M15 v1, v2, v3, v4, v5, v6, v7, v8, v9, v10, v11, v12, v13 32.9 14.7

Figure 3. A multilayer feedforward neural network with
three hidden layer.
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x̂ ¼ x� xmin

xmax � xmin

(2)

where x̂ is the rescaled variable, xmin and xmax are the
minimum and maximum values of the original independent
variable, respectively. The response variable was similarly
rescaled over the interval [0, 1].

Selection of the optimum number of neurons and
network architecture

The method employed to select the optimum number of
neurons for building the multilayer feedforward neural net-
work is shown in Figure 3. The feedforward network with
supervised learning algorithms like backpropagation algo-
rithms is competent in learning the relationship between the
given inputs and targets for a nonlinear process data set.5

The numerical procedure was carried out in MATLAB neu-
ral network toolbox

TM

version 7.8.0.347 (R2009a). The step-
wise procedure involved in selecting optimum number of
neurons and implementation of the same to obtain the opti-
mum network topology is detailed in our previous work.26

This investigation is based on two data sets—A and B—as
earlier indicated. For each set, the data was divided into
75%, 12.5%, and 12.5% for training, validation and testing
of the networks, respectively.

In order to accommodate criteria proposed by Haykin17

and Barron,27 we adopted the rule of thumb, 1 � Nhl/Ntr �
10.5 Since 150 and 70 data cases were chosen for training
the networks from Data Sets A and B, respectively, the
final term of the Fibonacci series employed should not
exceed this value, in these cases Nhl � 1,500 (i.e., 15
ANNs), and 700 (i.e., 14 ANNs), respectively. Levenberg-
Marquardt algorithm (cf. Appendix) was used to train each
network based on the randomly selected data cases. The
training includes the ‘‘early stopping’’ procedure which
avoids overfitting of the data to the model.28 Quite fre-
quently, no single ANN will have the smallest value for all
error indices across the board, thus further refinement was
sought through a combination of ANNs with varying types
of minimal/maximal error indices. This has led to the de-
velopment of (1) mean-squared error optimal linear combi-
nation (MSE-OLC) method.29 This approach has produced
significant improvement in neural network analysis as
demonstrated for catalyst design and thermal machine tool-
ing.30–32 However, the method presumes that MSE alone
(among all other error indices) is sufficient to accommo-
date all the variability in the data. In this study, we relax
this assumption in two ways. First, we posit that superior
improvement may be achieved by use of a multiple-error-
based optimal linear combination (ME-OLC) in which only
the neural networks with the minimum error indices
(including MSE) across the set are combined in the same
manner as the MSE-OLC. In the second approach, we
introduce the additional requirement that each of the
ANNs with the minimal error indices do not necessarily
contribute equally to final choice, but do so in a manner
proportional to the fraction of the error index with respect
to the sum of all error indices at its best and worst
values. Consequently, a new multiple-error-based weighted
optimal combination (ME-WOC) is introduced. The
basis for the optimal ANN combination in each case is
recapitulated to aid understanding of the computational
procedure.

Combining Trained Neural Networks

MSE-OLC approach

In neural network modeling, trained networks are eval-
uated on the basis of the error indices (viz; SSE, MSE,
RMSE, MAE, MAPE), however, only ANNs with the rela-
tively low MSEs are considered in output prediction. Conse-
quently, the optimum output vector

yopt
MSE�OLC

¼
XcnMSE�OLC

j¼0

ajyj (3)

where cn is the number of ANNs whose MSE satisfy in the
following condition given

MSE�MSEmin

MSEmax �MSEmin

� 0:1 (4)

within the set of ANNs, cnMSE-OLC \ SANN. Additionally, the
coefficient vector ¼ ½aj�T is obtained from the relation
a ¼ w�1, where w is a (cnMSE-OLC þ1) � (cnMSE-OLC þ1)
matrix whose elements are given by
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i
y
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(5)
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and U, is a (cnMSE-OLC þ1) � 1 vector defined

U ¼ t y
i

(7)
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where i ¼ 0, 1, 2, 3,…….. cnMSE-OLC, and t is the target vec-
tor for the performance variable.

ME-OLC approach

The ME-OLC introduced in this study uses the same optimal
output as in the MSE-OLC, but differs from the latter in the
choice of the selected list of ANNs and, therefore, defined as

yopt
ME-OLC ¼

XcnME-OLC

j¼0

kjyj (8)

where cnME-OLC is the number of ANNs with the smallest
value for each error index as distinct from MSE-OLC where
the selected networks are those with relatively low MSE (cf.
Eq. 4). Moreover, since RMSE and SSE are related to the MSE,
the three error indices considered are, MSE, MAE and MAPE
(i.e., cnME-OLC ¼ 3). However, kj are chosen exactly as aj (i.e.,
k ¼ w�1U). Clearly both w and U are (4 � 4) matrix, and (4 �
1) vector, respectively with elements defined as described in
Eqs. 5 and 7, where i, j ¼ 0, 1, 2, 3.

ME-WOC approach

In both the MSE-OLC and ME-OLC, the optimal output
yopt, was obtained by considering members of the ANN set
characterized by some of the smallest estimates of the error
indices. However, since the set of ANNs was initially chosen
such that the total number of neurons Nopt in all hidden
layers is the same for each ANN, then even ANN members,
with relatively poor estimates of the error indices contain
information about the data set that can be used to fine-tune
the optimal output to be as close as possible to the target
value. This is akin to the ecological notion that even the
weakest member of an animal group contributes in some
sense to the overall optimal functionality of the commune.
Consequently, the optimal output vector yopt

WOC
in this

approach, was chosen to reflect the influence of ANN mem-
bers with the smallest and worst error estimates for each
index via appropriate weighting factors as provided later.

ME-WOC algorithm

1 The minimum (wEI-min)
p and maximum (wEI-max)

p local
weights for error indices MSE, MAE and MAPE were calcu-
lated for the pth iteration using Eqs. 9 and 10, respectively

wp
EI�min ¼

EI �minPcnwoc
j¼1 EIj

" #
(9)

wp
EI�max ¼

EI �maxPcnwoc
j¼1 EIj

" #
(10)

where
EI: error index (i.e., MSE or MAE or MAPE)
EI � min: smallest value for any EI
EI � max: highest value for any EI
cnwoc: number of component ANNs of WOC
p: iteration counter (p ¼ 1, 2, 3,………..)
2. The minimum (bEI-min)

p and maximum (bEI-max)
p

global weights for error indices MSE, MAE and MAPE
were calculated for the pth iteration as given in Eqs. 11 and
12, respectively

bpEI�min ¼
wp
EI�minP3

i¼1 w
p
EI�mini

(11)

bpEI�max ¼
wp
EI�maxP3

i¼1 w
p
EI�maxi

(12)

3. Calculate the weighted optimal (yopt
woc

)p and worst

(yworst
woc

)p combination of ANNs for the pth iteration as per

Eqs. 13 and 14, respectively.

yopt
woc

� �p
¼
X3
i¼1

bpEI�mini
y
EI�mini

(13)

yworst
woc

� �p
¼
X3
i¼1

bpEI�maxi
y
EI�maxi

(14)

where
y
EI�min

: output of ANN with minimum error index
y
EI�max

: output of ANN with maximum error index
4. Compute the ratio (/p

EI) of error indices MSE, MAE
and MAPE for the pth iteration

up
EI ¼

P fj yopt
woc

� �p
j � j yworst

woc

� �p
jg

��� ���P fjy
EI�min

j � jy
EI�max

jg
��� ��� (15)

Table 3. Ranking of Networks Based on Two-Way ANOVA

ANN
Number of neurons
in hidden layer

Error Indices Error Index-based ranking

Gross rank
Position of

the gross rankSSE RMSE MAE SSE RMSE MAE

1 2.6876 0.0985 0.0738 13 14 1 28 10
2 1.8558 0.0802 0.0578 12 13 14 39 14
3 1.1848 0.0672 0.0488 10 10 13 33 12
5 0.8544 0.0581 0.0401 7 8 12 27 9
8 0.429 0.0453 0.03 1 3 9 13 4
13 0.4565 0.0456 0.0289 3 4 7 14 5
21 0.5949 0.0465 0.029 6 6 8 20 6
34 0.4619 0.0435 0.0264 4 2 6 12 2
55 0.4509 0.0432 0.0251 2 1 4 7 1

89 5.5746 0.0658 0.0392 14 9 11 34 13
144 0.9491 0.0523 0.0257 9 7 5 21 7
233 0.9057 0.0673 0.038 8 11 10 29 11
377 0.4762 0.0462 0.0189 5 5 2 12 3
610 8.3323 0.1584 0.092 15 15 15 45 15
987 1.511 0.0749 0.0207 11 12 3 26 8
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5. If /
p
MSE, /

p
MAE, and /p

MAPE) � 1 then stop, go to step 9.
6. Update minimum and maximum local weights for

error index (EI) MSE, MAE and MAPE

wpþ1
EI�min ¼ wp

EI�min½1þ up
EI� (16)

wpþ1
EI�max ¼ wp

EI�max½1þ up
EI� (17)

7. Increment the iteration counter, p ¼ p þ 1.
8. Go to step 2.
9. Terminate the procedure.

Relative importance of steam methane reforming
(input) variables

Although all input variables, identified via PCA are signif-
icant determinants in the estimation of the output values for
the optimal ANN, the relative importance of each input vari-
ables is required in order to understand the role of the indi-
vidual inputs in the analysis of the optimal ANN. Garson33

proposed a method which has been widely used34–36 for
evaluating the relative importance of each input variable.

However, in order to extract additional insights from the
neural network learning process, alternatives to the evalua-
tion of the importance of input variables has been pro-
posed.37–39 Olden et al.38 proposed a connection weight
method (CWM), and compared it against other evaluative
methods such as the Garson, partial derivatives, input pertur-
bation, sensitivity analysis, forward stepwise addition, back-
ward stepwise elimination and improved stepwise selection
methods and concluded that the CWM is significantly more
accurate in procuring the relative importance between input-
to-output than all others. A significant virtue of the CWM is
that the results indicate whether an input variable has a detri-
mental or favorable influence with respect to the output. The
connection weights (CW) for a typical three-hidden layer
model (as shown in Figure 3) are given by Eqs. 18–20.
However, the connection weights from inputs to 1st hidden
layer (wIh1

nm ), 1st hidden to 2nd hidden layer (wh1h2
mq ), 2nd hid-

den to 3rd hidden layer (wh2h3
qr ) and 3rd hidden to output

layer (wh3o
r ) are raw weights obtained from trained, vali-

dated, tested and simulated best ANN.
For inputs and 2nd hidden layer

cwIh2
nq ¼

XNEh1

m¼1

wIh1
nmw

h1h2
mq (18)

For inputs and 3rd hidden layer

cwIh3
nr ¼

XNEh2

q¼1

cwIh2
nq w

h2h3
qr (19)

For inputs and output layer

cwIo
n ¼

XNEh3

r¼1

cwIh3
nr w

h3o
r (20)

where I, h1, h2, h3 and o represents input, 1st hidden, 2nd
hidden, 3rd hidden and output layers, respectively, and n ¼ 1,
2,………….., NEI (number of neurons in the input layer which
is same as the number of variables), m ¼ 1, 2,…….., NEh1

(number of neurons in 1st hidden layer), q ¼ 1, 2,…….., NEh2

(number of neurons in 2nd hidden layer), r ¼ 1, 2,…….., NEh3

(number of neurons in 3rd hidden layer), o ¼ 1 (number of
neurons in output layer).

Results and Discussion

Data Set A

Selection of Optimum Number of Neurons. A total of
200 data cases from various studies11–16 dealing with cata-
lyst design and evaluation for methane steam reforming is
analyzed using the procedure outlined. The optimum number
of neurons required in the hidden layer(s) of the ANN model
to achieve significant model accuracy is carried out by train-
ing 15 single hidden layer feed-forward ANN’s. These net-
works were distinguishable by the number of neurons in the

Table 4. Ranking of Networks Based on Two-Way ANOVA

ANN
Number of
neurons in
hidden layer

Error Indices
Error Index-
based ranking

Gross
rank

Position
of the

gross rankMAE MAPE MAE MAPE

34 0.0306 0.0204 51 53 104 51
35 0.0288 0.0191 41 41 82 42
36 0.0288 0.0191 39 42 81 41
37 0.0268 0.0180 18 26 44 23
38 0.0267 0.0179 16 23 39 18
39 0.0301 0.0193 50 47 97 49
40 0.0260 0.0172 10 11 21 10
41 0.0298 0.0195 48 49 97 50
42 0.0279 0.0186 33 34 67 33
43 0.0329 0.0212 53 54 107 54
44 0.0278 0.0185 32 33 65 32
45 0.0278 0.0184 31 31 62 31
46 0.0337 0.0217 55 55 110 55
47 0.0260 0.0176 9 16 25 11
48 0.0286 0.0190 36 40 76 37
49 0.0266 0.0177 15 18 33 16
50 0.0294 0.0194 45 48 93 45
51 0.0269 0.0178 20 20 40 19
52 0.0313 0.0203 52 52 104 52
53 0.0287 0.0187 38 36 74 36
54 0.0273 0.0181 24 29 53 27
55 0.0298 0.0193 47 46 93 46
56 0.0291 0.0189 44 39 83 43
57 0.0295 0.0196 46 50 96 48
58 0.0288 0.0192 40 44 84 44
59 0.0276 0.0183 28 30 58 30
60 0.0271 0.0180 22 27 49 25
61 0.0251 0.0166 5 5 10 5
62 0.0275 0.0181 27 28 55 29
63 0.0264 0.0173 13 13 26 12
64 0.0329 0.0203 54 51 105 53
65 0.0289 0.0187 43 35 78 38
66 0.0269 0.0179 19 24 43 22
67 0.0285 0.0192 35 43 78 39
68 0.0270 0.0178 21 19 40 20
69 0.0274 0.0177 25 17 42 21
70 0.0262 0.0171 12 8 20 9
71 0.0354 0.0228 56 56 112 56
72 0.0281 0.0188 34 37 71 35
73 0.0267 0.0171 17 9 26 13
74 0.0266 0.0172 14 12 26 14
75 0.0250 0.0164 4 3 7 3
76 0.0259 0.0171 8 7 15 7
77 0.0257 0.0171 6 10 16 8
78 0.0275 0.0178 26 22 48 24
79 0.0277 0.0179 29 25 54 28
80 0.0261 0.0173 11 15 26 15
81 0.0300 0.0192 49 45 94 47
82 0.0286 0.0185 37 32 69 34
83 0.0241 0.0161 1 1 2 1

84 0.0258 0.0169 7 6 13 6
85 0.0245 0.0164 3 4 7 4
86 0.0271 0.0173 23 14 37 17
87 0.0288 0.0188 42 38 80 40
88 0.0277 0.0178 30 21 51 26
89 0.0244 0.0164 2 2 4 2
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hidden layer, namely; 1, 2, 3, 5, 8, 13, 21, 34, 55, 89 144,
233, 377, 610 and 987 (members of the Fibonacci series).
The average SSE, MSE, RMSE, MAE and MAPE for each
network with a varying number of neurons was calculated
following the algorithm prescribed in the earlier section on
‘‘Methodology to select the optimum number of neurons and
network architecture’’.

The analysis of variance of SSE, MSE, RMSE, MAE and
MAPE against different networks (i.e., against total number
of neurons in the hidden layer) revealed that only SSE,
RMSE and MAE are significant. The network model with 55
neurons in the hidden-layer ranked 1st based on the signifi-
cant errors as shown in Table 3.

Consequently, the implementation of step 2, requires that
x ¼ 34 and z ¼ 89, resulting in 56 new ANNs with different
number of neurons, in the single hidden layer, viz, 34, 35,
36,…….., 89. A two-way ANOVA of the ANNs (56) vs.
error index (5) revealed that MAE and MAPE were the
only statistically significant error indices. Further treatment
confirmed that the ANN with 83 neurons would be the
‘‘best’’ choice (cf. Table 4).

Optimization of ANN architecture

Given that NEopt ¼ 83 neurons a new set of ANNs with
one-, two- and three-hidden layers were generated as out-
lined in step 3 resulting in 3404 different ANNs distributed
as one single-hidden layer ANN, 82 two-hidden layer ANNs,
and 3321 three-hidden layer ANNs. The optimization algo-
rithm for the ANN may be carried out using a variety of

techniques including Resilient backpropagation (RP), Conju-
gate gradient with Powell/Beale restarts (CGB), gradient
descent (GD), gradient descent with momentum and adaptive
learning rate (GDX), one-step secant (OSS), scaled conjuga-
tive gradient (SCG) and Levenberg-Marquardt (LM). As
may be seen in Figure 4a–d the LM technique gave the most
efficient function approximation for each of the error indices
and networks considered. This finding is consistent with the
study of Hagan and Menhaj40 and has been adopted as the
optimization algorithm in subsequent data treatment in this
work. The 3404 ANNs were subsequently evaluated based
on the MSE-OLC, ME-OLC and ME-WOC approaches.

Modes of optimal ANN combination

The results of the simulation for the 3404 networks
showed that three-hidden layer ANNs generally exhibited
superior performance to the single- and two-hidden layer
networks. The apparent smaller average error indices for the
single- and two-hidden layer architecture displayed in Figure
4a–e is due to the relatively low ratio of the single:three-hid-
den layer networks that is, 1:3321, and the two:three-hidden
layer networks, i.e., 82:3321.

The nearest three-hidden layer ANNs are those with 14-
23-46; 30-28-25 and 21-5-57 in the 1st-, 2nd-, 3rd-hidden
layers, respectively. The associated MSEs were 0.00020,
0.00023 and 0.00024, respectively. Figure 5b shows the par-
ity between the predicted output (methane conversion) and
the companion target. The results for the ME-OLC approach
are also displayed in Figure 5c, while 5d confirms the suit-
ability of the ME-WOC approach for the accurate prediction

Figure 4. a) Average log SSE, MSE, RMSE, MAE and MAPE of networks combined. b) Average log SSE, MSE,
RMSE, MAE and MAPE of single-hidden layer networks combined. c) Average log SSE, MSE, RMSE, MAE
and MAPE of two-hidden layer networks combined. Average log SSE, MSE, RMSE, MAE and MAPE of
three-hidden layer networks combined.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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of target values and the respective ANN models used for
these combinations are listed in Table 5.

Although visual comparison of Figure 5a–d show that
the optimal combination of ANNs gave better estimates of
the output, it is difficult to discriminate between the three
different modes of the ANN combination (Figure 5b–d) on
the basis of R2 statistics (R2 [ 0.99 in each case) only.
However, normal probability plot may be used to effect a
more refined selection since it can reveal whether or not a
model sufficiently explains the variability present in the
data with respect to the response.41 Figure 6a–6d display
the normal probability plots for the optimal ANN, MSE-
OLC, ME-OLC and ME-WOC models. All four plots
clearly indicate that the nonlinear data had undergone trans-
formation to a linear standard data set via ANN treatment,
suggesting that the optimal ANN model (in each case) can
be used for descriptive, predictive and control purposes.

Even so, it is evident that the standardized errors for the
majority of the data points lie closer to the normalized line
for ME-WOC than those for either the MSE-OLC or ME-
OLC or optimal ANN models. It may be noted that the
width of AB for ME-WOC is larger with the pivotal point
‘‘0’’ on the x-axis.

Even though MSE-OLC is pivoted on the ‘‘0’’ point, the
width AB is smaller compared to ME-WOC. While for
ME-OLC and optimal ANN the width of AB is smaller
in contrast to ME-WOC and not pivoted on the ‘‘0’’ point of
x-axis.

The behavior of the error indices (especially MSE, MAE
and MAPE) for the ME-WOC method as a function of the
iteration is portrayed in Figure 7a–c. MAE experienced a
characteristic hyperbolic drop followed by a rise to an itera-
tion-invariant value. While MAPE showed a gentle decline
and MSE increased linearly with iteration. On the basis of

Table 5. ANN Models Employed for ME-OLC and ME-WOC Combination

ANN

MSE MAE MAPE
Model

characteristics

1st Hidden
Layer
neurons

2nd Hidden
Layer
neurons

3rd Hidden
Layer
neurons

*#Least MAPE 17 44 22 0.00083 0.00978 0.00596
*#Least MSE 14 23 46 0.00020 0.00881 0.00685
*#Least MAE 30 28 25 0.00023 0.00880 0.00673
#Highest MSE, MAE & MAPE 45 1 37 3.68203 1.89951 1.25209

*Denotes component ANN model considered for ME-OLC combination.
# Denotes component ANN model considered for ME-WOC combination.

Figure 5a–d. Parity plots for single best and combinations of ANN models.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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these features, MAPE offers the best capture of variation
present in the data pool than the other error indices. Conse-
quently, MAPE was used as the basis error index to compare
optimal single and combination of ANN models as illus-
trated in Figure 8.

Data Set B

Selection of the optimum number of neurons and ANN
architecture

A total of 94 data cases from methane steam reforming
studies11–13,16 was analyzed using the procedure outlined in
Arcotumapathy et al.26 Step 1 of the modeling involved
training 14 single-hidden layer feedforward ANN’s, distin-
guishable by the number of neurons in the hidden layer,
namely; 1, 2, 3, 5, 8, 13, 21, 34, 55, 89 144, 233, 377 and
610 (members of the Fibonacci series). The analysis of var-
iance of SSE, MSE, RMSE, MAE and MAPE against differ-
ent networks (i.e., against total number of neurons in the
hidden layer) revealed that only SSE, RMSE, MAE and
MAPE are significant. The network model with 13 neurons
in the hidden-layer ranked 1st on the basis of significant
errors as shown in Table 6. Consequently, the implementa-
tion of Step 2, requires that x ¼ 8 and z ¼ 21, resulting in
14 new ANNs with different number of neurons, in the sin-
gle hidden layer, viz, 8, 9, 10,……..19, 20, 21. A two-way
ANOVA of the ANNs (14) vs. error index (5) revealed that
SSE, RMSE and MAE were the only statistically significant
error indices. Further treatment confirmed that the ANN with
9 neurons would be the ‘‘best’’ choice (cf. Table 7). With
NEopt ¼ 9 neurons a new set of 37 ANNs of one-, two- and
three-hidden layers were generated. The two-hidden layer
ANN with 7 and 2 neurons in the first and second layer,
respectively, was found to be superior with minimum value
across all error indices namely; SSE, MAE and MAPE are
0.0174, 0.0085, 0.0087, respectively.

Figure 6a–d. Normal Probability plots for single best and combinations of ANN models.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Figure 7. a) MSE values against iterations. b) MAE
values against iterations. c) MAPE values
against iterations.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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Interpretation of neural networks

Data Set A. The weights from best model were used to
obtain a relationship between the input variables to output by
employing Olden’s connection weight method and the results
are schematically represented in Figure 9. The most influential
factor with respect to methane conversion was found to be
time-on-stream followed by pressure, temperature, mesopo-
rous support SBA-15, catalyst reduction temperature, SiO2,
Ni, boron, cerium, a-alumina, zirconium, c-alumina, steam-to-
methane ratio and Mo. It is also evident from the neural net-
work learning that the reactor operating variables, viz; reform-
ing temperature (773–1023 K), pressure (0.1–1 MPa) and
time-on-stream ([ 40 h) have relatively high importance
compared to the other variables for catalyst design.

Time-on-stream had the largest connection weight and is
detrimental to methane conversion. This ANN analysis
points to decreased catalyst activity with reforming time in
agreement with earlier studies.11,13–16 An increase in operat-
ing variable, S:C ratio (i.e., steam:methane ratio between 2–
5.5), with the smallest connection weight increases methane
conversion.11,14,15

Catalyst evaluation via ANN modeling suggests that when
Ni loading (in the range 5–60.9%) in a catalyst system is
increased, there is a decrease in methane conversion which
suggests that for a given catalyst support and promoter com-
bination, the optimum Ni loading is most likely at, or below,
5 wt %.11–16 Among the supports compared in this study

SBA-15 appears to be the best which is evident from Wan
et al.12 study where, methane conversion of 99.8% was
observed using Ni (5% loading) supported on SBA-15. Bo-
ron and cerium were found to be equally effective as pro-
moters in the range 0.5–1 wt % and 5–10 wt %, respec-
tively. Catalyst reduction temperature appears to have a posi-
tive influence on methane conversion and this phenomenon
was observed in a study carried out by Matsumura and
Nakamori16 where the catalyst reduced at 973 K was sub-
stantially more active than that treated at 773 K.

Data Set B. Parity between the optimum ANN output
and experimental methane conversion is shown in Figure 10
and the connections weights between the input variables and
the methane conversion can be found in Figure 11. Similar
to the findings in Data Set A, time-on-stream was found to
be most influential factor followed by the mesoporous sup-
port SBA-15, reaction temperature, catalyst reduction tem-
perature, pressure, cerium, steam-to-methane ratio, zirco-
nium, SiO2, c-alumina, a-alumina, space-time (Wcat/FCH4

),
boron and Ni. It seemed that the inclusion of space-time,
improved the relative importance of reaction temperature
and catalyst reduction temperature over reactor operating
pressure. The analysis revealed that a modest (7%) increase
in reaction temperature resulted in a four-fold increase in
methane conversion, while the data showed only a linear
relationship between methane conversion and Wcat/FCH4

. The
latter finding is consistent with the kinetics in a reactor sys-
tem with minimal external transport effects. This suggests
that for practical purposes, reaction temperature control is
more critical than feed flow rate regulation. Nonetheless, on
the basis of catalyst composition, higher Ni % percentage
has a detrimental effect on methane conversion, while, SBA-
15 and Ce appears to be the most important support and pro-
moter, respectively.

We further remark that, while ANN modeling is a quanti-
tative approach to the treatment of a multifactorial, large
data pool, it does not provide explicit functional relations
that can be used for calculus-based optimization. However,
as a numerical optimization strategy for large data systems,
it provides an estimation of the magnitude and direction of
the optimum values for discrete and/or qualitative variables
that play key roles in determining the system performance.
For example, while there is no known mathematical relation
between methane conversion and support type (a clear weak-
ness if calculus-based optimization method was to be used),

Figure 8. Comparing MAPE of different individual and
combined ANN models.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Table 6. Ranking Based on Two-Way ANOVA

ANN
Number of neurons
in hidden layer

Error Indices Error Index-based ranking
Gross
rank

Position of
the gross rankSSE RMSE MAE MAPE SSE RMSE MAE MAPE

1 1.101168 0.086196 0.059553 0.067396 10 12 11 10 43 10
2 0.438353 0.061844 0.03962 0.039545 4 6 9 9 28 7
3 0.774876 0.063212 0.036308 0.037604 8 8 8 8 32 8
5 0.506764 0.055484 0.029005 0.026901 5 4 5 4 18 5
8 0.321501 0.048553 0.028683 0.028511 1 2 4 5 12 3
13 0.333663 0.048311 0.026867 0.026115 2 1 3 3 9 1

21 0.350167 0.050429 0.0248 0.022924 3 3 2 2 10 2
34 0.691916 0.062115 0.03132 0.029679 7 7 6 6 26 6
55 1.105947 0.069164 0.035235 0.035105 11 9 7 7 34 9
89 0.54319 0.057842 0.024682 0.022128 6 5 1 1 13 4
144 1.518369 0.085217 0.059946 0.079231 13 11 12 12 48 12
233 1.491678 0.086401 0.063298 0.087041 12 13 14 13 52 14
377 1.99882 0.098001 0.058805 0.078457 14 14 10 11 49 13
610 1.033905 0.069164 0.061077 0.094188 9 10 13 14 46 11
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ANN clearly points to the superiority of SBA-15 (among all
the supports examined in the studies represented by either of
the two data sets employed in this work) and provides quan-
titative information on the size and direction of its influence.
Additionally, even for quantitative factors, the predicted op-
timum magnitude and direction (decreasing or increasing)
for each of the input variables is sufficient for design pur-
poses. Thus, in this case, the optimum Ni and promoter con-
tent were found to be 5 wt % and 0.5–1 wt % (depending on
promoter type), respectively. On the other hand, increasing
the reaction temperature within the range, 773–1023 K, is
desirable but moderated by catalyst reduction temperature.
While this is consistent with the thermodynamics of an
endothermic reaction (e.g., steam reforming) and the opti-
mum temperature progression path (based on the rate-tem-
perature-conversion behavior) for a reversible reaction, the
findings from ANN analysis revealed that thermodynamics
and kinetic information alone is not sufficient for compre-
hensive process reactor operation since catalyst reduction
temperature, reactor space-time and time-on-stream have
quantified significant roles as indicated earlier.

Conclusions

In this study, a systematic approach to the selection of opti-
mum number of neurons and number of hidden layers in
ANN model building and optimization routed in the Fibonacci
technique has been espoused. Intrusive noise in the primary
data used for the training, validation and testing of the ANN

models was minimized using PCA to screen out factors which
may lead to redundancy. Moreover, an early stopping proce-
dure was implemented during ANN training to further elimi-
nate overfitting and vouchsafe the reliability of the inferences
from model prediction and optimization. Thus, despite the di-
versity in data source and time over which they were gener-
ated, ANN models with excellent learning rate and perform-
ance were derived. Specifically, the optimum number of neu-
rons required to capture the input-output behavior was first
obtained following a Fibonacci algorithm. The ANN architec-
ture was subsequently optimized resulting in the generation of
‘‘best’’ ANN candidates based on common error indices. The
prediction of target output values was then secured through a
multierror based weighted combination of the emergent
‘‘best’’ ANNs. This technique was demonstrably superior to
the predictive performance of optimal ANN rooted in a sin-
gle-error index using the large data pool for methane reform-
ing. The findings were not only consistent with qualitative
evidence, but also surprisingly offered insights into the rela-
tive importance of some hitherto unacknowledged factors
which could now serve as stimulus for improvement in the
methane (or hydrocarbon) reforming reactor technology and
catalyst design. In particular, the addition of boron, cerium or
related group metals (at less than 1 wt %) to Ni-based

Table 7. Ranking Based on Two-Way ANOVA

ANN
Number of neurons
in hidden layer

Error Indices
Error Index-based

ranking

Gross rank
Position of the
gross rankSSE RMSE MAE SSE RMSE MAE

8 0.379771 0.049955 0.027682 2 2 6 10 3
9 0.372436 0.049146 0.026854 1 1 3 5 1

10 0.536083 0.05254 0.028742 11 5 9 25 8
11 0.42231 0.0505 0.026564 3 3 1 7 2
12 0.430176 0.050559 0.027145 4 4 4 12 4
13 0.466859 0.053065 0.028537 8 7 8 23 7
14 0.447254 0.05337 0.028806 6 9 10 25 8
15 0.611285 0.055793 0.029042 13 12 11 36 12
16 0.434314 0.052578 0.026773 5 6 2 13 5
17 0.564299 0.056801 0.029691 12 13 14 39 13
18 0.51426 0.054647 0.029224 9 10 12 31 11
19 0.458056 0.053186 0.027169 7 8 5 20 6
20 0.533886 0.055274 0.028393 10 11 7 28 10
21 0.620161 0.058131 0.029318 14 14 13 41 14

Figure 10. Parity plot for single best ANN model (Data
Set B).

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]

Figure 9. Connection weights of variables against
methane conversion (Data Set A).

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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catalysts, and the appearance of SBA-15 as a superior support
to c-alumina was identified.

Indeed, reactor operating variables were found to offer
better prospects than the manipulation of catalyst design fac-
tors for improving reforming technology.26 The application
of the optimal linear or weighted combination of various
error indices (ME-OLC and ME-WOC) to other multi-input-
multi-output data systems in chemical engineering are self-
evident particularly because of the underlying advantage of
the Fibonacci method in the determination of the most effi-
cient number of neurons for the ANN architecture.

Notation

a ¼ combination weights of component ANN models for MSE-
OLC

b ¼ global weights for component ANN models for ME-WOC
d ¼ Marquardt sensitivity
k ¼ combination weights of component ANN models for ME-

OLC
l ¼ adjustable parameter
r̂2 ¼ variance of full model
/ ¼ ratio of the sum of absolute difference in weighted optimum

and weighted worst outputs to the sum of absolute difference
in best and worst outputs of ANN models based on given
error index, EI

w ¼ correlation matrix of component ANN outputs with constant
vector for MSE-OLC and ME-OLC

ANN ¼ artificial neural network
b ¼ bias
C ¼ Mallows criterion
cn ¼ component networks of combination model

CW ¼ connection weights
CWM ¼ connection weights method

E ¼ error
EI ¼ error index
F ¼ molar flow rate, moles.s�1

exp ¼ exponential
h ¼ hidden layer
I ¼ identity matrix
J ¼ Jacobian
M ¼ model

MAE ¼ mean absolute error
MAPE ¼ mean absolute percentage error

ME ¼ multierror
MSE ¼ mean squared error

N ¼ total number of observations or data cases
NE ¼ neurons

OLC ¼ optimum linear combination

PC ¼ principal component
Pr ¼ number of variables in reduced model
pv ¼ total number of variables

RMSE ¼ root mean squared error
S ¼ possible combination of ANN architectures for given number

of neurons and hidden layers
SSE ¼ sum-of-squared errors
st ¼ number of data cases in training data set
stt ¼ number of data cases in testing data set
sv ¼ number of data cases in validation data set
t ¼ targets
U ¼ product of target vector and output vectors including constant

vector for MSE-OLC and ME-OLC
W ¼ weight in grams (or) artificial neural network weights

WOC ¼ weighted optimal combination
x ¼ original variable (or) inputs to neuron
x̂ ¼ scaled variable
y ¼ output

Subscripts

cat ¼ catalyst
EI ¼ error index

EI-max ¼ maximum error index
EI-min ¼ minimum error index

h1 ¼ first hidden layer (or) hidden layer
h2 ¼ second hidden layer
h3 ¼ third hidden layer
i ¼ summation or multiplication counter
I ¼ input layer
j ¼ summation or multiplication counter
m ¼ first hidden layer neuron (or) hidden layer neuron

max ¼ maximum
min ¼ minimum

n ¼ input layer neuron
NE ¼ number of neurons
pr ¼ reduced model
q ¼ second hidden layer neuron
r ¼ third hidden layer neuron
s ¼ data case

test ¼ testing
tr ¼ training

valid ¼ Validation

Superscripts

O ¼ output layer
opt ¼ optimum
p ¼ iteration number
T ¼ transpose of a vector or matrix
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Appendix

Artificial neural network training based on Levenberg-
Marquardt algorithm

This training procedure is based on an illustrative ANN
model schematically represented in Figure 3.

1. All weights and biases for a network are initialized
by random number generation between [�1, 1].

2. The inth input neuron with input x̂in from the training
data set has an output

yIns ¼ x̂Iins (A1)

where
in ¼ 1, 2, …, pv and pv is the number variables
n ¼ 1, 2,……, NEI and NEI is the number of input neu-

rons (which is equal to number of variables, i.e., NEI ¼ pv),
and s represents the data case number.

3. The input to mth neuron in the first hidden layer is
given by the sum of weighted summation of all outputs from
input layer and bias related to that neuron

xh1ms
¼

XNEI

i¼1

wIh1
nm y

I
ns

 !
þ bh1m (A2)

where, m ¼ 1, 2, …, NEh1 represents the number of neurons
in the first hidden layer (h1) and bh1m denotes the bias applied
to the first hidden layer neuron m.

4. A tan sigmoid function is applied to all the hidden
layer neurons. Therefore, the output from the mth neuron in
the first hidden layer is given by

yh1ms
¼ 2

1þ expð�2xh1ms
Þ � 1 (A3)

5. Similarly, for the second hidden layer the input and
output for qth neuron is given by

xh2qs ¼
XNEh1

m¼1

wh1h2
mq yh1ms

 !
þ bh2q (A4)

yh2qs ¼
2

1þ expð�2xh2qs Þ
� 1 (A5)

here, q ¼ 1, 2, …, NEh2 denotes the number of neurons in
the second hidden layer (h2) and bh3r represents the bias
applied to the hidden neuron q.

6. Similarly, for the third hidden layer the input and
output for the rth neuron is given by

xh3rs ¼
XNEh2

q¼1

wh2h3
qr yh2qs

 !
þ bh3r (A6)

yh3rs ¼ 2

1þ expð�2xh3rs Þ
� 1 (A7)

where, r ¼ 1, 2, …, NEh3 represents the number of neurons
in the third hidden layer (h3) and denotes the bias applied to
the hidden neuron r.
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7. The input to a output layer neuron is given as

xos ¼
XNEh3

r¼1

wh3o
r yh3rs

 !
þ bo (A8)

where ‘o’ denotes the single output neuron present in the out-
put layer and represents the bias applied to the output neuron.

8. The overall output of the network is given by

yos ¼ xos (A9)

A linear transfer function is used in the output neuron
therefore the input and output are the same.

9. Every neuron in each layer excluding the input layer
has a sensitivity based on the network error (i.e., (ys

� � ts)).
The Marquardt sensitivity terms for the neurons are calcu-
lated starting from neurons in the output layer to first hidden
layer, since LM is a backpropagation algorithm. Therefore,
the Marquardt sensitivity (ds�) for the lone neuron in the out-
put layer is calculated

dos ¼ �2ðyos � tsÞ (A10)

10. Similarly the sensitivity for a neuron ‘‘r’’ in the third
hidden layer (h3) is given by

dh3rs ¼ ½1� ðyh3rs Þ
2�wh3o

r dos (A11)

11. Similarly, for a neuron ‘‘q’’ in the second hidden
layer (h2) is given by

dh2qs ¼ ½1� ðyh2qs Þ
2�½wh2h3

q �Tdh3s (A12)

underlined notations represent a matrix or a vector. Where,
wh2h3
q is a vector of weights from qth neuron in the second

hidden layer to all the neurons in the third hidden layer (i.e.,
it is a vector of (1 � NEh3) elements) and dh3s is a vector of
all the sensitivity terms relative to the neurons in the third
hidden layer (i.e., it is a vector of (NEh3 �1) elements).

12. Sensitivity for a neuron ‘‘m’’ in the first hidden layer
(h1) is given by

dh1ms
¼ ½1� ðyh1ms

Þ2�½wh1h2
m �Tdh2qs (A13)

where, wh1h2
m is a vector of weights from mth neuron in the

first hidden layer to all the neurons in the second hidden
layer (i.e., it is a vector of (1 � NEh2) elements) and dh2s is
a vector of all the sensitivity terms relative to the neurons in
the second hidden layer (i.e., it is a vector of (NEh2 �1)
elements).

13. Steps 2 to 12 are repeated for all the data cases in
the entire training data set.

14. The sum-of-squared error (SSEtr) of the training set,
for the pth iteration is calculated and stored in the memory
which is given by

SSEp
tr ¼

Xst
s¼1

Ep
trs

� �2
(A14)

where, Ep
trs ¼ yos � ts

� �p
is the error for sth data case in the

training data set for the pth iteration and s ¼ 1, 2, …, st is
the number of data cases in the training set and «t» is the
scaled targets.

15. Similarly, steps 2 to 8 are repeated for all the data
cases in validation set. The pth iteration mean squared error
(MSEvalid) for validation set is calculated and stored in the
memory which is given by:

MSEp
valid ¼

1

sv

Xsv
s¼1

Ep
valids

� �2
(A15)

where, Ep
valids

¼ yos � ts
� �p

and s ¼ 1, 2, …, sv is the number
of data cases in the validation set.

16. The MSEp
valid value and the corresponding weights

and biases are stored in the memory as MSEvalid (minimum),
weights (minimum) and biases (minimum), respectively in
the memory.

17. Similarly, steps 2 to 8 are repeated for all the data
cases in testing data set. The pth iteration mean squared error
(MSEtest) for testing set is calculated and stored in the mem-
ory which is given by

MSEp
test ¼

1

stt

Xstt
s¼1

Ep
tests

� �2
(A16)

where, Ep
tests ¼ yos � ts

� �p
and s ¼ 1, 2, …, stt is the number

of data cases in the testing set.
18. The weights and biases are adjusted using a numeri-

cal optimization technique based on Levenberg-Marquardt
algorithm, for instance if xp is a vector of weights and biases
of the neural network for the pth iteration, then the weights
and biases are updated for next iteration as given below

xpþ1 ¼ xp � ½JTðxpÞJðxpÞ þ lI��1 JTðxpÞEp
tr (A17)

l: An adjustable parameter used to achieve the required
approximation (initial value, l ¼ 0.01).

I: Identity matrix
JðxpÞ: Jacobian matrix (i.e., partial derivatives of network

errors for all the data cases Ep
tr in the training data set for pth

iteration with respect to weights and biases of the network).
Therefore, each row of the Jacobian corresponds to network
error obtained for that particular input/output data case, for
example the row of Jacobian related to error Ep

trs of s
th data case

is given as

@Ep
trs

@wIh1
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where, for instance the elements of the Jacobian are calculated
as given below

@Ep
trs

@wIh1
n;m

¼ dh1ms
yIn

@Ep
trs

@bh1m
¼ dh1ms

where
n ¼ 1, 2, …, NEI represents the number of neurons in the

input layer (I)
m ¼ 1, 2, …, NEh1 represents the number of neurons in

the first hidden layer (h1)
q ¼ 1, 2, …, NEh2 denotes the number of neurons in the

second hidden layer (h2)
r ¼ 1, 2, …, NEh3 represents the number of neurons in

the third hidden layer (h3)
and ’o’ denotes the single output neuron present in the

output layer
19. Increment p by one (i.e., p ¼ p þ 1).
20. If p [ 1000, then restore all the weights and biases

to weights(minimum) and biases (minimum), respectively
and stop training. Go to step 28.

21. With the updated weights and biases, entire training
data set is presented to the network again and the steps 2 to
14 are repeated and SSEp

tr is calculated.

22. Steps 2 to 8 are repeated for all the data cases in
validation set. The (p)th iteration mean squared error
MSEvalid(p) for validation set is calculated as given in
Eq. A15 and stored in the memory.

23. Steps 2 to 8 are repeated for all the data cases in
testing data set. The (p)th iteration mean squared error MSE-

test(p) for testing set is calculated as given in Eq. A16.
24. If MSEp

valid � [MSEvalid(minimum)] for 10th consecutive
iteration than the training is stopped. This technique is called
‘early stopping method’ and by implementing this method, over
fitting of the model can be avoided. Go to step 28.

25. If the MSEp
valid \ [MSEvalid(minimum)] then value

and the corresponding weights and biases replaces the values
for MSEvalid(minimum), weights(minimum) and bias(mini-
mum), respectively in the memory.

26. If the SSEp
tr [ SSEp�1

tr , then l is multiplied by 10. If
the SSEp

tr \ SSEp�1
tr , then l is divided by 10.

27. Go to step 18.
28. End
Representative data from the catalyst library are given in

Table A1.
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Table A1. Catalyst library – Representative data

Ni
%

SBA-15
% SiO2

Gamma
Alumina %

Alpha
Alumina %

B
%

Mo
%

Zr
%

Ce
%

Temp
(K)

Pressure
(kPa) S:C

Time
on stream
(min)

Catalyst
Reduction

Temperature
(K)

Conversion
% Remarks

5 95 0 0 0 0 0 0 0 973 101.295 2.00 44400 1023 74.50 Wan et al,
200710 90 0 0 0 0 0 0 0 1023 101.295 2.00 44400 1023 97.50

15 85 0 0 0 0 0 0 0 1073 101.295 2.00 44400 1023 98.50
10 80 0 0 0 0 0 10 0 1123 101.295 2.00 44400 1023 99.90
10 80 0 0 0 0 0 5 5 1123 101.295 2.00 44400 1023 99.90
10 80 0 0 0 0 0 0 10 1123 101.295 2.00 44400 1023 99.90
60.2 0 0 39.8 0 0 0 0 0 973 101.295 4.00 105 1073 92.00 Maluf et al,

200960.6 0 0 39.35 0 0 0.05 0 0 973 101.295 4.00 210 1073 94.00
60.9 0 0 38.6 0 0 0.5 0 0 973 101.295 4.00 105 1073 83.00
60.9 0 0 38.6 0 0 0.5 0 0 973 101.295 4.00 1615 1073 74.00
59.7 0 0 39.3 0 0 1 0 0 973 101.295 4.00 689 1073 68.00
60 0 0 38 0 0 2 0 0 973 101.295 4.00 365 1073 72.00
60.2 0 0 39.8 0 0 0 0 0 973 101.295 2.00 17 1073 82.00
60.6 0 0 39.35 0 0 0.05 0 0 973 101.295 2.00 59 1073 72.50
60.6 0 0 39.35 0 0 0.05 0 0 973 101.295 2.00 500 1073 69.00
59.7 0 0 39.3 0 0 1 0 0 973 101.295 2.00 137 1073 68.50
60 0 0 38 0 0 2 0 0 973 101.295 2.00 213 1073 69.50
60 0 0 38 0 0 2 0 0 973 101.295 2.00 387 1073 69.00
20 0 80 0 0 0 0 0 0 773 101.295 2.00 30 773 21.80 Matsumura

et al, 200420 0 0 80 0 0 0 0 0 773 101.295 2.00 30 773 0.00
20 0 0 0 0 0 0 80 0 773 101.295 2.00 30 773 14.10
5 0 0 0 0 0 0 95 0 773 101.295 2.00 240 773 21.30
15 0 0 85 0 0 0 0 0 1073 101.295 1.00 115 1073 52.03 Xu et al,

200915 0 0 85 0 0 0 0 0 1073 101.295 1.00 579 1073 44.47
15 0 0 84.5 0 0.5 0 0 0 1073 101.295 1.00 93 1073 55.63
15 0 0 84 0 1 0 0 0 1073 101.295 1.00 290 1073 58.24
16 0 0 0 84 0 0 0 0 823 121.554 3.00 30 873 35.99 Hou et al,

200116 0 0 0 84 0 0 0 0 823 121.554 3.00 60 873 30.48
6.8 0 0 0 93.2 0 0 0 0 847 1002.8205 3.00 330 1023 6.49
6.8 0 0 0 93.2 0 0 0 0 847 1002.8205 3.00 17259 1023 5.06
6.8 0 0 0 93.2 0 0 0 0 872 1002.8205 3.00 1513 1023 5.03 Numaguchi

et al, 19956.8 0 0 0 93.2 0 0 0 0 1010 1002.8205 3.00 248 1023 16.27
6.8 0 0 0 93.2 0 0 0 0 1010 1002.8205 3.00 16358 1023 20.51
6.8 0 0 0 93.2 0 0 0 0 1018 1002.8205 3.00 322 1023 16.59
6.8 0 0 0 93.2 0 0 0 0 943 1002.8205 3.30 3464 1023 15.44

*38 cases selected from a larger list of 200 data cases.
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